
ISSN 1744-6848

Soft Matter

 PAPER 
 Charles E. Sing  et al . 
 Dilute solution structure of bottlebrush polymers 

rsc.li/soft-matter-journal

Volume 15 Number 14 14 April 2019 Pages 2913–3066



2928 | Soft Matter, 2019, 15, 2928--2941 This journal is©The Royal Society of Chemistry 2019

Cite this: SoftMatter, 2019,

15, 2928

Dilute solution structure of bottlebrush polymers†
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Bottlebrush polymers are a class of macromolecules that have recently found use in a wide variety of

materials, ranging from lubricating brushes and nanostructured coatings to elastomeric gels that exhibit

structural colors. These polymers are characterized by dense branches extending from a central

backbone and thus have properties distinct from linear polymers. It remains a challenge to specifically

understand conformational properties of these molecules, due to the wide range of architectural

parameters that can be present in a system, and thus there is a need to accurately characterize and

model these molecules. In this paper, we use a combination of viscometry, light scattering, and

computer simulations to gain insight into the conformational properties of dilute solution bottlebrush

polymers. We focus on a series of model bottlebrushes consisting of a poly(norbornene) (PNB) backbone

with poly(lactic acid) (PLA) side chains. We demonstrate that intrinsic viscosity and hydrodynamic radius are

experimental observations sensitive to molecular architecture, exhibiting distinct differences with different

choices of branches and backbone lengths. Informed by the atomistic structure of this PNB–PLA system, we

rationalize a coarse-grained simulation model that we evaluate using a combination of Brownian dynamics

and Monte Carlo simulations. We show that this exhibits quantitative matching to experimental results,

enabling us to characterize the overall shape of the bottlebrush via a number of metrics that can be

extended to more general bottlebrush architectures.

1 Introduction

Bottlebrush polymers are a class of highly branched macro-
molecules consisting of a main backbone chain with a high
density of polymer side chains (see Fig. 1). The densely
branched architecture of bottlebrush polymers imparts mole-
cular, and consequently material, properties that are distinct
from typical linear polymers; the grafted side chains enhance
the stiffness of the overall chain and force the backbone to adopt
an extended conformation. In the case of bottlebrush melts, this
leads to a suppression of molecular entanglements1–3 and signifi-
cantly lowers the conformational degrees of freedom of these
large polymers compared to linear polymers of similar length.

A wide range of functional materials have leveraged these
unique properties in a wide range of applications; for example,
the decreased conformational degrees of freedom have been
used in the context of surface-adsorbed bottlebrush materials,
such as molecular pressure sensors that detect film pressure at
liquid–solid interfaces,4,5 pressure sensitive adhesives,6 pH-
responsive surfaces,7 and stimuli-responsive molecular brushes.8

The suppression ofmolecular entanglements has been used to great
effect in bottlebrushes with block copolymer constituents, which
undergo microphase separation to form well-ordered domains.9–11

Fig. 1 Schematic of a bottlebrush model showing the architectural para-
meters. Note that in our study f = 1, i.e. each backbone monomer carries
a side chain.
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The reduced entanglement and stretched conformation allow these
domains to reach length scales appropriate for photonic12–14 and
phononic crystals15 that would otherwise be kinetically difficult to
form with linear block copolymers. This reduced entanglement
effect is also exploited in designing lowmodulus elastomers capable
of strain-hardening and sustaining large deformation, with applica-
tions in artificial muscle development and camouflage technology
via strain-adaptive structural coloration.16–20

Bottlebrush architectures are also encountered in biological
systems, often in environments where they play a functional
role of providing structural support and altering mechanical
properties. For example, aggrecan, a proteoglycan with a
bottlebrush-like structure occurring in cartilage, is partly
responsible for controlling the mechanical strength of cartilage
via its interaction with collagen fibres.21 Similarly, neurofilaments
provide structural support to myelinated axons in vertebrate nerve
cells via hydrogelation of the strongly interacting side chains.22

Due to the utility of bottlebrush polymers, it is crucial to
understand how to design their architecture and chemistry to
yield desired material properties. This represents a challenge
to both polymer chemists and polymer physicists, and has
received a significant amount of interest over the past few
decades.2,23–37

For polymer synthesis, the primary challenge has been
to increase the versatility of the bottlebrush chemistry while
also developing well-controlled polymerization schemes to
obtain bottlebrushes with monomodal molecular weight
distributions.10,11,38 For most chemistries, this limits the
backbone degree of polymerization (DP) to ca. 1000 monomers
with a side-chain DP of 100–200; however, individual examples
of longer backbones have been reported.39

For polymer physicists, the overall challenge is the sheer
number of choices for tuning the macromolecular architecture
and chemistries, which represents a large parameter space that
makes Edisonian molecular design inefficient. For example,
it is possible to have varying graft densities40 and backbone
topologies;41 and constituent chains can be of varying
flexibility42,43 or incorporate block copolymers that exhibit
intramolecular phase separation.3,44,45 Similarly, bottle-
brushes with dendritic side chains46 and gradients in side
chain DP47,48 have also been considered.

The preceding discussion illustrates the need to have
theoretical or computational approaches to complement syn-
thetic efforts, so that properties can be predicted and designed
without the need for extensive synthesis. However, even the
conformational attributes of an individual bottlebrush chain
in dilute solution remain unsettled in the literature. The
main goal has been to understand molecular conformations
using information associated with the molecular architecture
(the grafting density f, the length of the backbone Nbb, and the
length of the side chains Nsc) to obtain conformational mea-
sures (radius of gyration Rg, hydrodynamic radius Rh, intrinsic
viscosity [Z], persistence length cp, and bottlebrush diameter D).

Theoretical efforts have focused on scaling approaches,
which extend classical random-walk and ‘‘blob’’ arguments to
bottlebrush architectures. Birshtein et al.23 initially predicted

straightforward R B Nbb
3/5 scaling in both y and good solvents,

based on a ‘‘superblob’’ argument that arose from the predic-
tion that cp/D B O(1). Indeed, the dependence of R on Nsc, f,
and solvent quality was predicted to be weak. This shows some
inconsistency with later simulation and theoretical work;49–55

however, Monte Carlo simulations have placed the backbone
size exponent to be in the range of 0.6–0.7.52,54,56–58 Alternative
scaling arguments by Fredrickson,24 who considered the
related case of surfactant-associated polymer chains, predicted
the effects of progressively increasing the grafting density f
as moving through three regimes: a low grafting density
( f { N�9/10

sc ), where the bottlebrush appears coil-like; an inter-
mediate grafting density (Nsc

�9/10 { f { Nsc
�3/5), where the

conformation is still coil-like yet expanded locally due to the
side-chain interactions; and a high grafting density ( f c Nsc

�3/5),
where the bottlebrush becomes wormlike (semiflexible), char-
acterized by a persistence length cp B f 17/8Nsc

15/8.24 Some
agreements with molecular dynamics simulations have been
observed.59 Alternative approaches have also been used to
understand bottlebrush structure, including perturbative
methods,60 self-consistent field theory,61 and renormalization
group methods.62,63 Indeed, while most recent works have
focused on models for dense melts,64–71 there remains a
need for further insight into dilute-solution bottlebrush
structure.

The connection between these predictions and experimental
systems remains sparse in the literature, but qualitative trends
from both experiments and computer simulations suggest that
the overall size and persistence length of bottlebrushes do
increase due to the presence of side chains.7,35,72–74 In parti-
cular, both SANS75 and light scattering and viscosity76 studies
have shown evidence that cp can increase by an order of
magnitude as the length of side chains increases. In the case
of molecules with dendronized side chains (up to third genera-
tion), light scattering studies77,78 have shown amodest increase in
cp, the overall conformation appearing more like a semiflexible
chain rather than a rigid rod. There are challenges associated with
extracting a ‘‘true’’ persistence length that does not change with
the overall length of the chain, as evidenced by extensive mole-
cular simulations.79–83 However, the wormlike cylinder model
appears to work quite well in extracting a persistence length from
experimental data, and indeed shows a pronounced effect of side-
chains.76,84 Nevertheless, there are experimental results that show
instead that the cp remains essentially unchanged despite a
significant increase in Nsc.

31

The large volume of experimental and theoretical work remains
rife with conflicting observations.23,24,30–32,35,49–54,59,61,74,75,85 Many
of these issues have been discussed at length in a recent review
by Binder et al.86 This is in part due to the idealization required
to make progress with theory, which is compounded by the
reliance on experimental characterization that does not directly
image the bottlebrush chains but instead infers structure from
model predictions. Furthermore, efforts to include simulation
data have often used similarly idealized molecular models that
rarely invoke the specific chemistry used in a given bottlebrush
in favor of universal statements.
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In this work, we show that a combined approach of
chemistry, characterization, and simulation can provide insight
into the structure of bottlebrushes over a wide range of mole-
cular parameters. We consider the specific chemistry of
poly(norbornene) (PNB) backbones with poly(lactic acid) (PLA)
side chains, so that we can exercise precise synthetic control
over backbone and side-chain lengths. We subsequently focus
on intrinsic viscosity, which we show to be highly sensitive to
these architectural changes, providing a set of experimental
data that both inform and validate the results of molecular
simulation. In addition, experimental measurements of hydro-
dynamic radius from dynamic light scattering are presented as
well. These are ultimately compared to Brownian dynamics
simulations that are explicitly parameterized based on known
quantities for PNB and PLA (i.e. molecular structure, cp), and
exhibit quantitative matching to experimental data that reflects
the synthesized molecular architecture. Significantly, we are
able to match computer simulations and experimental intrinsic
viscosity measurements spanning a broad range of experimen-
tally relevant bottlebrush architectures, with a simulation
model parameterized directly from the bottlebrush chemistry.
This contrasts with prior efforts, which have focused on
asymptotic limits or scaling laws that provide physical intui-
tion; these are unable to quantitatively predict and visualize the
conformations of synthesized bottlebrushes, which are not
typically long enough to exhibit universal behavior. We show
that a combined experimental/computational approach is able
to provide predictions for the molecular structure of bottle-
brushes in the synthetically accessible window of molecular
architectures, which can be used to calculate size and shape
parameters that are crucial to molecular engineering applica-
tions, yet difficult to predict from prior theoretical or experi-
mental approaches.

2 Methods
2.1 Materials and instrumentation

Reactions were performed in an argon-filled glove box
(O2 o 2 ppm, H2O o 0.5 ppm) at room temperature using
oven dried glassware. rac-Lactide (Aldrich) was used as received.
THF was dried using a commercial solvent purification system.
1,8-Diazabicyclo[5.4.0]undec-7-ene (DBU) (Aldrich) was distilled
prior to use. [(H2IMes)(3-Br-py)2(Cl)2RuQCHPh], G3 was
synthesized according to the literature.87 5-Norbornene-2-
methanol and 5-norbornene-2-(methylbenzoate) were synthe-
sized according to the literature (mixture of 20% exo/endo
used).36,88 Gel permeation chromatography (GPC) was per-
formed using a Tosoh Ecosec HLC-8320GPC at 40 1C fitted
with a reference column (6.0 mm ID � 15 cm), a guard column
(6.0 mm ID � 4.0 cm � 5 mm), and two analytical columns
(7.8 mm ID � 30 cm � 5 mm). The flow rate of the reference
column was 0.5 mL min�1 while that of the analytical column
was 1.0 mL min�1. THF (HPLC grade) was used as the eluent,
and polystyrene standards (15 points ranging from 500 Da
to 8.42 � 106 Da) were used as the general calibration.

An additional calibration was created and used specifically
for linear polylactic acid (10 points ranging from 500 Da to 104 Da).

2.2 Synthesis

A representative procedure for bottlebrush synthesis (based
on ref. 48). To an oven-dried round bottom flask were added
lactide (12.86 g, 96 mmol) and 5-norbornene-2-methanol (158 mg,
1.27 mmol) dissolved in 96 mL of THF. Polymerization was
initiated by adding DBU (64.4 mg, 0.42 mmol) dissolved in
1 mL of THF. This reaction mixture was kept till the desired
arm length was reached (60 min for PLA DP = 70) at which time
B(OH)3 (523 mg, 8.46 mmol) in 36.5 mL of THF was added. An
aliquot was removed for GPC analysis. At this point, the large
scale ROP reaction mixture was divided into 8 smaller parts for
ROMP reactions in which different amounts of G3 were added,
i.e. different backbone lengths (backbone sweep). For example,
ROMP was initiated by adding G3 (14.03 mg, 0.02 mmol for
nbb = 10) in 0.5 mL of THF. After 30 min, a large excess of ethyl
vinyl ether (large excess with respect to [Ru]) was added to the
reaction mixture. The reaction mixture was then poured into
cold methanol (�30 1C), and a centrifuge was used to isolate
the resulting polymer. The polymer was dried under vacuum
and then analyzed by GPC. In order to get B(OH)3 to dissolve in
THF, the solution was heated toB80–90 1C (BP of THF is 66 1C;
a sealed vial that can handle pressure buildup was used) till all
the B(OH)3 dissolved and allowed to cool back to room tem-
perature before use. Rapid cooling of the solution was avoided,
as it will cause B(OH)3 to drop out of the solution.

A representative procedure for ROMP of 5-norbornene-2-
(methylbenzoate) (based on ref. 89). In an argon filled glove
box, 5-norbornene-2-(methylbenzoate) (300 mg, 1.31 mmol) was
dissolved in 38 mL of anhydrous THF. A separate stock solution
of G3 was generated such that 2 mL of solution provides the
amount of G3 needed for a specific degree of polymerization
(DP) (e.g. N = 200, 5.81 mg G3/2 mL of THF). The G3 solution of
2 mL was added to the 5-norbornene-2-(methylbenzoate)
solution to initiate the polymerization. The mixture was stirred
vigorously, and after 5 m, a large excess of ethyl vinyl ether was
added to the reaction mixture. The reaction mixture was then
poured into methanol, and a centrifuge was used to isolate the
resulting polymer (N o 72 were purified by column chromato-
graphy as they did not precipitate). The polymer was dried
under vacuum and then analyzed by GPC.

2.3 Bottlebrush characterization

Dilute solutions were prepared by dissolving bottlebrushes in
filtered chlorobenzene to form bulk solutions with concentra-
tions ranging from 12 mg mL�1 to 15 mg mL�1. The solutions
were mixed on a shaker table for approximately 12 h at 200 rpm
to ensure even dispersal of bottlebrushes. Chlorobenzene (CB)
was chosen as the solvent for two reasons: (i) PLA bottlebrushes
could be readily dissolved in CB, and (ii) CB has a relatively
high boiling point compared to other organic solvents, which
reduces the effects of solvent evaporation.

The viscosity of each solution was measured at 30 1C using
one of two Cannon–Fenske capillary viscometers with different
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conversion constants. The viscometers were suspended in a
heated ethylene glycol bath to prevent temperature variation.
The viscosity was measured for bottlebrush solutions with
concentrations between 2 mg mL�1 and 15 mg mL�1. Change
in concentration was achieved by removing the bottlebrush
solution from the viscometer and adding the solvent to the
viscometer. The intrinsic viscosity [Z] was determined by fitting
these concentration sweeps to Kraemer90 and Huggins91 models.

Dynamic light scattering was performed using a Malvern
Zetasizer Nano S90 to determine center-of-mass diffusion
coefficient and hydrodynamic radius of bottlebrush molecules.
The setup consisted of a 4 mW HeNe laser with a wavelength of
633 nm and an Avalanche photodiode located at a fixed scattering
angle of 901 relative to the incident laser beam.92–94 We note that
performing scattering at this relatively large wave-vector may
introduce some wave-vector dependence on the hydrodynamic
radius; however, our results indicate that these measurements are
consistent with intrinsic viscosity and computer simulations and
thus we do not pursue studying this wave-vector dependence.
Bottlebrush samples were diluted in chlorobenzene to concentra-
tions ranging from 4 mg mL�1 to 12 mg mL�1 and loaded into
glass cuvettes. Prior to testing, the samples were heated to a
temperature of 30 1C at which point they were allowed to reach
thermal equilibrium over a period of 5 min. During each test, the
intensity of light as a function of time was recorded and compared
with itself to generate an autocorrelation function. Using the
Zetasizer software package provided by Malvern, a set of expo-
nential decay functions were fit to the autocorrelation function
according to the cumulant method. The center-of-mass diffusivity
was determined from the exponential decay coefficient, which was
in turn used to calculate the hydrodynamic radius according to
the Stokes–Einstein equation. A more detailed description of this
process is provided as ESI.†

2.4 Simulation protocol

Computer simulations were performed on a coarse-grained
bead–spring representation of bottlebrush polymers, para-
meterized to the specific polymers used. Here, we outline the
general simulation model and discuss the parameterization in
Section 2.5. A detailed description of the simulation method is
provided as ESI.†

A schematic of our computational model is shown in Fig. 1.
The backbone consists of Nbb beads; each backbone bead
carries one side chain consisting of Nsc beads. These beads
experience a potential U = Us + Uev + Ub that describes the
intramolecular interactions present in the system: bead con-
nectivity Us, bead excluded volume Uev, and a bending potential
Ub. The connectivities between the beads were implemented
via finitely extensible nonlinear elastic (FENE) spring forces
derived from the potential

Us ¼ �1

2
ksrmax

2 log 1� rij

rmax

� �2
" #

; rij o rmax: (1)

Here, the spring constant ks is 30e/s2, the maximum spring
extension rmax is 1.5s, rij is the distance between two

connecting beads, and s and e are the length and energy
parameters, respectively.95

Excluded volume interaction among the beads was represented
using the Weeks–Chandler–Anderson96 potential for simulations
in a very good (athermal) solvent. The Lennard-Jones potential
truncated at 2.5s was used for simulations under non-athermal
conditions. A bending potential of the standard cosine form97

was applied only to the backbone beads, with a bending
constant kb = 0.5kBT, where kB is the Boltzmann constant and
T is the absolute temperature. Although a bending potential for
the backbone beads is not necessary for a generic bottlebrush
model, we included it to account for the specific polymer
chemistries considered in the experimental system.

We used standard Brownian dynamics98 (BD) augmented
with global Monte Carlo (MC) moves to evolve the bead positions.
For computational expediency, we neglected hydrodynamic inter-
action (HI) between the beads in the BD step. Two kinds of MC
moves, (i) backbone pivot and (ii) side chain double bridging were
used periodically after several BD steps to induce rapid global
conformational changes. This is similar to what Auhl et al.97

advocated for equilibrating configurations in polymer melts,
except that we chose to retain the MC moves for the production
run as well. The time step for advancing the beads during
a single BD step was 10�4, with a total duration of 108 time
steps or more.

Neglecting HI during BD as well as the use of MC moves
costs us by losing the fidelity of temporal evolution, albeit in a
way that still maintains the equilibrium set of configurations.
We justify this approximation by noting that our simulations
were used solely to obtain an equilibrium distribution of bottle-
brush conformations, with which we calculated equilibrium
quantities. Static properties such as bottlebrush extension and
radius of gyration were calculated based on equilibrium averages
not affected by ignoring HI, and dynamic properties such as
hydrodynamic radius Rh and intrinsic viscosity [Z] reinject hydro-
dynamics in the context of Kirkwood theory, which can be
evaluated based solely on the equilibrium configurations.

Center-of-mass diffusivity was calculated based on the equi-
librium conformations using the Kirkwood formula,99 from
which Rh was evaluated using the Stokes–Einstein relation.
Such a calculation yields an upper-bound estimate100 for D
and thus a lower-bound estimate for Rh. A similar calculation
can be performed for [Z], which was calculated using an
expression derived by Tsuda101,102 based on a non-preaveraged
version of Kirkwood theory. We also included a correction
factor to Tsuda’s expression provided by de la Torre and
coworkers.103 Calculations of Rh and [Z] are performed over
the entire ensemble of equilibrium conformations in simula-
tion, and thus capture the full range of conformational fluctua-
tions. These are not exact expressions, with approximations
and corrections discussed in the literature.99,100,104 Neverthe-
less, we performed checks on the determination of Rh and [Z] by
simulating linear polymers to determine that mass scaling
exponents reproduce the standard Zimm predictions.105 The
relevant expressions for determining Rh and [Z] from equili-
brium conformations as well as plots showing verification of
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mass scaling exponents based on these expressions are
provided as ESI.†

2.5 Bottlebrush parameterization

Our combined approach of chemistry, characterization, and
simulation is built on careful parameterization of the specific
chemistries used for the bottlebrush synthesis in the context of
the idealized bead–spring simulation model. Our parameter-
ization procedure is built on mapping the simulation variables
to their corresponding experimental counterparts, so that we
can directly simulate a bottlebrush polymer of known mole-
cular weight and backbone/side chain DP. This mapping is
not necessarily unique, but we demonstrate that it yields
reasonable quantitative matching between simulation and
experiment. This correspondence enables us to directly visua-
lize molecular bottlebrush conformations consistent with the
bulk experimental observables.

In our model, Nbb backbone beads represent nbb chemical
repeat units of PNB, such that the molecular weight of the
backbone is Mbb. We similarly consider side chains Nsc beads
long to represent nsc chemical repeat units of PLA, such that the
molecular weight per side chain is Msc. The entire simulated
bottlebrush is thus represented by N = Nbb(1 + Nsc) beads for a
total molecular weight of M = Mbb + nbbMsc.

The Kuhn length, bK, of a linear polymer can be obtained
from its characteristic ratio, CN, the length of its constituent
bonds, lb, and the bond angle (complementary), y, using the
relation105 bK/lb = CN/cos(y/2). For PLA, CN = 6.5,106 and
assuming y E 681, we have bK,PLA/lb,PLA = 7.84, i.e. there are
ca. 7.84 chemical bonds per Kuhn segment of PLA. Further
assuming lb,PLA E 0.154 nm, we obtain bK,PLA = 7.84 � lb,PLA =
1.2 nm. An analogous calculation for PNB with CN = 12.1107

and yE 681 shows bK,PNB/lb,PNB = 14.6 – a Kuhn segment of PNB
includes ca. 14.6 chemical bonds. Noting that there are three
chemical bonds in a PLA repeat unit, it is possible to calculate
the number of repeat units per Kuhn length for PLA pK,PLA =
7.84/3 E 2.6 repeat units. Similarly, for PNB with five chemical
bonds per repeat unit bK,PNB includes pK,PNB = 14.6/5 E 2.92
repeat units.

The number of monomers in a bottlebrush molecule is
dominated by contributions from the side chains, so we will
calculate a length scale based on the side chain monomers.
Recall from Section 2.4 that we represent the side chains using
a Kremer–Grest (KG) model with no bending penalty. Equating
the Kuhn length of PLA bK,PLA to the Kuhn length bK,KG =
1.795s108 of a KG chain, we obtain s = 0.67 nm, which serves as
the length scale for our system.

A side chain of Nsc beads has a contour length Lsc = rmax(Nsc� 1)
(see eqn (1)), which contains Lsc/bK,KG Kuhn segments. Map-
ping to PLA at the level of Kuhn segments, Nsc beads represent
nsc = pK,PLA � Lsc/bK,KG = 2.17(Nsc � 1) chemical repeat units
of PLA.

An analogous calculation for PNB to determine nbb would be
incorrect due to the inconsistent level of discretization. A Kuhn
segment of PLA includes ca. 7.84 chemical bonds, but that of
PNB includes 14.6 chemical bonds. Here, we encounter two

different length scales, corresponding to two different species
of polymers exhibiting different stiffness. We choose to work in
terms of the length scale obtained based on a PLA repeat unit.

In Section 2.4, we describe PNB as being modeled by a
KG chain with bending potential kb = 0.5, whose Kuhn
length bK,KG 0 = 2.019s.108 If this is to map to a PNB chain
with 14.6 chemical bonds per Kuhn length while maintaining
the local packing density as well as consistent discretiza-
tion throughout, the number of PNB repeat units needs to

be nbb ¼ ð7:84=14:6Þ � pK;PNB � Lbb

�
bK;KG

0� �
� 0:5� pK;PNB�

Lbb

�
bK;KG

0� �
¼ 1:1 Nbb � 1ð Þ, where Lbb = rmax(Nbb � 1) is the

backbone contour length. This approximate factor of half
leads us to introduce a bending penalty on the backbone;
in hindsight, removing this bending penalty has minimal
quantitative effect.

The molecular weights of PLA and PNB repeat units
being 74.56 Da and 124 Da, respectively, Msc = 74.56 � nsc =
161.8(Nsc � 1) Da and Mbb = 124 � nbb = 134.6(Nbb � 1) Da; the
total molecular weight (as dictated by chemistry with a grafting
density of unity) M = Mbb + nbb � Msc = 134.6(Nbb � 1) +
161.8NscNbb Da. The mapping parameters derived above are
summarized in Table 1.

3 Results and discussion

We show that experiment and simulation, upon appropriate
parameterization of the latter, can exhibit quantitative matching.
This matching relies on experimental data that are sufficiently
sensitive to reflect differences in the synthesized bottlebrush
structure, for which we primarily use intrinsic viscosity. We
interpret these data in the context of both conceptual arguments
as well as the corresponding simulation, which provides a direct
glimpse at molecular conformations adapted by these bottlebrush
molecules. This provides a direct characterization of the molecular
shape and size, showing that an increase in the backbone length
results in a change from a star-like structure to a short cylinder,
and finally to a flexible cylinder.

3.1 Bottlebrush synthesis

Bottlebrushes were synthesized by ring opening polymerization
(ROP) of rac-lactide utilizing a 1,8-diazabicyclo[5.4.0]undec-7-ene
(DBU) catalyst, followed by the ring opening metathesis polymer-
ization (ROMP) of norbornene terminated macromonomers
with a third generation Grubbs catalyst (see Scheme 1).89,109,110

Table 1 Mapping between simulation and experimental parameters

Definition Experiment Simulation

Backbone degree of polymerization nbb 1.1(Nbb � 1)a

Side chain degree of polymerization nsc 2.17(Nsc � 1)a

Backbone molecular weight Mbb
b 134.6(Nbb � 1)

Side chain molecular weight Msc
b 161.8(Nsc � 1)

Total molecular weight Mb 134.6(Nbb � 1) +
161.8NscNbb

Simulation length scale 0.67 nm s

a Rounded off to the nearest integer. b In Dalton.
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Boric acid was used as a quenching agent for the ROP catalyst
to perform the graft-through process without isolating the
macromonomers.48 Molecular weight of the bottlebrush polymers

were determined based on the macromonomer to initiator ratio
and macromonomer conversion determined by RI-GPC.48

Three series of bottlebrushes were made: (i) long backbone
sweep, spanning backbone DP (nbb) from 10 to 1000 at side
chain DP (nsc) of 70 polylactic acid (PLA) repeat units
(see Table 2); (ii) short backbone sweep, spanning nbb from
10 to 2000 at nsc = 30 PLA repeat units (see Table 3); and (iii)
side chain sweep, spanning nsc from 5 to 100 at nbb = 200 (see
Table 4). The spacings between the samples were increased
exponentially for each of the above sweeps. Linear poly-
(5-norbornene-2-(methylbenzoate)) samples with DP ranging from
10 to 1000 were also synthesized via ROMP (see Table 5). GPC
traces are provided as ESI.† The broadening of the molecular
weight with nbb is likely caused by the slow decomposition of the
ruthenium complex.

Scheme 1 (a) Synthetic scheme for the one pot synthesis of PLA bottle-
brush polymers. (b) Synthetic scheme for the synthesis of linear poly(5-
norbornene-2-(methylbenzoate)).

Table 2 Bottlebrush polymers used in backbone sweep with long side chains

Theory Macromonomer Bottlebrush

nsc nbb Mn
a (g mol�1) nsc Mw/Mn Mn � 10�3 b (g mol�1) Mn � 10�3c (g mol�1) Mw/Mn Norbornene conversiond (%)

70 10 5200 70.4 1.06 52 44.9 1.06 498
70 19 5200 70.4 1.06 100 63.3 1.06 498
70 37 5200 70.4 1.06 194 94.7 1.04 498
70 72 5200 70.4 1.06 375 152 1.04 498
70 139 5200 70.4 1.06 724 254 1.05 498
70 268 5200 70.4 1.06 1400 496 1.04 498
70 518 5200 70.4 1.06 2700 918 1.13 498
70 1000 5200 70.4 1.06 5200 1300 1.13 498

a GPC molecular weight against PLA calibration standard. b Conversion molecular weight = GPC Mn for brush � conversion of macromonomer.
c GPC molecular weight against PS calibration standard. d Calculated from GPC area.

Table 3 Bottlebrush polymers used in backbone sweep with short side chains

Theory Macromonomer Bottlebrush

nsc nbb Mn
a (g mol�1) nsc Mw/Mn Mn � 10�3 b (g mol�1) Mn � 10�3 c (g mol�1) Mw/Mn Norbornene conversiond (%)

30 10 2300 30.4 1.09 23.2 23.2 1.06 498
30 19 2300 30.4 1.09 44.8 34.8 1.05 498
30 37 2300 30.4 1.09 86.4 52.3 1.04 498
30 72 2300 30.4 1.09 167 84.7 1.04 498
30 139 2300 30.4 1.09 322 151 1.04 498
30 268 2300 30.4 1.09 622 281 1.09 498
30 518 2300 30.4 1.09 1200 539 1.09 498
30 1000 2300 30.4 1.09 2320 928 1.18 498
30 2000 2300 30.4 1.09 4640 1360 1.29 495

a GPC molecular weight against PLA calibration standard. b Conversion molecular weight = GPC Mn for brush � conversion of macromonomer.
c GPC molecular weight against PS calibration standard. d Calculated from GPC area.

Table 4 Bottlebrush polymers used in side chain sweep

Theory Macromonomer Bottlebrush

nsc nbb Mn
a (g mol�1) nsc Mw/Mn Mn � 10�3 b (g mol�1) Mn � 10�3 c (g mol�1) Mw/Mn Norbornene conversiond (%)

18 200 1500 19 1.11 297 158 1.04 498
25 200 2000 27 1.09 411 186 1.03 498
36 200 2900 38 1.08 578 220 1.03 498
51 200 3900 53 1.07 785 270 1.04 498
72 200 5200 71 1.06 1050 327 1.04 498
103 200 7400 101 1.05 1477 399 1.04 498

a GPC molecular weight against PLA calibration standard. b Conversion molecular weight = GPC Mn for brush � conversion of macromonomer.
c GPC molecular weight against PS calibration standard. d Calculated from GPC area.
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3.2 Intrinsic viscosity

Intrinsic viscosity measurements were performed on a series of
model bottlebrush polymers, as described in Section 2.3. We
plot these experimental results (filled symbols) as a function of
molecular weight M in Fig. 2, for bottlebrush molecules with
Msc = 2237 Da and = 5220 Da, and also linear PNB. The
simulation data for linear PNB fit a power-law behavior
[Z] B M0.73, in close agreement with the Flory–Fox relationship
consistent with the expectation for a coil in a good solvent. The
corresponding experimental data yields [Z] B M0.67, which is
slightly lower than the simulation result. Note that this is
expected, as the simulation result pertains to a solution in
athermal condition. The bottlebrush measurements are con-
sistent with the previous literature,25,111,112 showing significant
deviations from the Flory–Fox result at low M, with very little
initial change in [Z] with increasing M. We attribute this to the
star-like nature of the low-Mbb bottlebrush, with additional
backbone monomers increasing the local density of branches
rather than the overall aspect ratio of the molecule. This
corresponds to molecular simulation snapshots in the same
low-nbb limit of Fig. 3. At high M, however, there is once again

an increase in the intrinsic viscosity as added nbb reflects an
increase in the molecular structure. Interestingly, this system
exhibits significant differences in [Z] values as the molecular
structure is changed by either adding to the backbone or
branches for a given molecular weight, and thus allows us to
distinguish the architecture of the synthesized molecule via
characterization. However, many of the differences in [Z] versus
M become less pronounced upon plotting instead versus Mbb in
the limit of high Mbb (Fig. 2(b)). This reflects the increased
importance of the backbone length in this limit, which is the
primary quantity establishing the molecular size as captured by
[Z]. We interpret the small but non-negligible changes due to
Msc as primarily reflecting the effect of side-chain ‘‘stiffening’’
of the molecular contour.

We show that simulation results for the intrinsic viscosity [Z]
are in quantitative agreement with the experimental data.
Because this value is sensitive to the molecular architecture,
this matching between simulation and experiment shows that
coarse-grained bead–spring simulations are capable of captur-
ing the essential physics associated with bottlebrush polymer
conformations; namely, the structure can be explained using
the conceptual arguments about how the ‘‘size’’ of the coil changes
with M without invoking specific chemistry. This matching also
provides a snapshot of typical bottlebrush structures, for which we
show a number of examples in Fig. 3. These snapshots were
generated using the molecular visualization package Ovito.113

We note that, for a bottlebrush architecture, the increase in the
length of the backbone results in a transition from a roughly star-
like polymer, to an elongated structure (around nbb = 87 for both
nsc shown), and then finally to a coil-like shape. These transitions
are subtly different for each different value of nsc, which is
especially apparent around nbb = 87 and 175, which show that
the longer branches lead to a marginally ‘‘stiffer’’-appearing
structure. In subsequent sections, we will further explore these
bottlebrush shape transitions in a quantitative fashion.

Table 5 Samples used for linear poly(5-norbornene-2-(methylbenzoate))
sweep

nbb
Mn � 10�3 (theory)
(g mol�1)

Mn � 10�3 (GPC)a

(g mol�1) Mw/Mn

10 2.28 2.26 1.16
19 4.41 4.50 1.21
37 8.51 8.97 1.05
72 16.4 17.1 1.06
139 31.7 31.7 1.04
268 61.2 60.4 1.06
518 118 117 1.09
1000 228 222 1.17

a GPC molecular weight against PS calibration standard.

Fig. 2 Intrinsic viscosity [Z] as a function of bottlebrush molecular weight. Filled symbols denote experimental measurements at 30 1C and unfilled
symbols denote simulation results. The dashed lines are fits to the simulation data. (a) [Z] vs. M for both experimental and simulation data; (b) [Z] vs. Mbb for
both experimental and simulation data.

Soft Matter Paper

Pu
bl

is
he

d 
on

 2
4 

Ja
nu

ar
y 

20
19

. D
ow

nl
oa

de
d 

by
 U

ni
ve

rs
ity

 o
f I

lli
no

is
 - 

U
rb

an
a 

on
 9

/1
2/

20
19

 8
:1

8:
52

 P
M

. 
View Article Online

https://doi.org/10.1039/c9sm00033j


This journal is©The Royal Society of Chemistry 2019 Soft Matter, 2019, 15, 2928--2941 | 2935

We plot the simulation behavior of [Z] as a function of the
overall molecular weight M and backbone molecular weight
Mbb for a number of different side chain lengths Msc in Fig. 4,
as well as for a linear molecule. Notably, we observe the general
trends associated with the regimes plotted in the experimental
comparison in Fig. 2; the initial weak dependence on M
associated with a star-like geometry shows an increase in [Z]
commensurate with the increase in the branch length, because
the star-like structure is thus larger. The upswing in the
intrinsic viscosity occurs also at a larger value of M for longer
Msc, because the backbone needs to be sufficiently long to
register an extension of the bottlebrush structure beyond the
length of the side chains. The terminal scaling exponent is
plotted as nv versus the side-chain Msc, showing that there is a
small but non-negligible increase due to the side-chain induced

stiffening of the bottlebrush structure. This is consistent
with the experimental scaling values shown in Fig. 2 and also
with prior experimental work on polystyrene bottlebrushes.112

In the case of very high molecular weight side chains, [Z] and nv
were reported to decrease with an increase in Mbb and Msc,
respectively.114,115 Side chains of such high molecular weights
are not considered here as they are beyond our current experi-
mental and computational capabilities.

3.3 Hydrodynamic radius

Hydrodynamic radius is a quantity related to intrinsic viscosity
and can be measured in dynamic light scattering measure-
ments. These provide another measure of the molecular size by
capturing the Stokes drag radius of an equivalent sphere under-
going the same center-of-mass diffusion as the bottlebrush.

Fig. 3 Simulation snapshots of a bottlebrush with varying backbone lengths for side chain DP 30 and 70.

Fig. 4 Intrinsic viscosity as a function of bottlebrush molecular weight M (a) and backbone molecular weight (Mbb) (b) for different side chain molecular
weights (Msc). Solid lines are intended to guide the eye. Inset: Exponent (nv) calculated from a power-law fit of [Z] vs. M as a function of Msc.
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We plot this in Fig. 5, which shows that for largeM for both values
of Msc tested there is nearly quantitative agreement between
simulation and experiment. In contrast to the intrinsic
viscosity, however, both the simulation predictions and the
measured values are less sensitive to the molecular changes
(i.e. Msc) and thus provide less insight into dilute solution
bottlebrush conformations.

We plot the simulation behavior of Rh as a function of the
overall molecular weight M and backbone molecular weight
Mbb in Fig. 6, for a number of side chain lengths Msc. The main
changes in Rh occur as the backbone length is increased, which
reflects the increasing length and thus size of the overall
polymer. A significantly smaller difference is observed between
different side chain lengths, similar to the intrinsic viscosity
observations, although these differences remain small even at
low Mbb. This is consistent with the Monte Carlo results of
Yethiraj.54

We use Rh to show that there are only small differences in
geometric parameters due to changes in temperature, which we
plot for a few characteristic values of Msc as a function of T in
Fig. 7(a). Indeed, relatively small changes in Rh are observed
even over a large range of temperatures (0 1C o T o 90 1C).
Comparison with simulations suggests that this means we
remain well above the y-temperature and are in the good
solvent regime. We plot in Fig. 7(b) the hydrodynamic radius
Rh as a function of temperature (in units of e/kB). We note large
changes in the bottlebrush size as we transition from a
y-temperature (T = 1.5e/kB) to the athermal limit (point shown,
T- N). These changes in the bottlebrush size, however, occur
relatively close to the y-temperature, whereas in the athermal
limit, we see only small deviations in terms of size. Further-
more, these athermal limit sizes are more consistent with the
measured Rh in experiment. In the supplemental information,
we show slight differences in [Z] due to temperature; however,
these are also small with respect to architectural changes in the
bottlebrush polymer.

3.4 Radius of gyration and backbone contributions

Intrinsic viscosity and hydrodynamic radius reflect near-
equilibrium dynamic quantities and are calculated using the
Kirkwood approximation from simulation. In contrast, the
radius of gyration Rg is a purely structural quantity that can
be used to understand aspects of the internal architectural
features such as the behavior of the branches and backbones
separately. This is only possible in simulation, but favorable,
quantitative comparison in intrinsic viscosity and Rh give us
confidence in using simulation to probe these features.

In Fig. 8(a), we plot the radius of gyration for a series of
bottlebrush molecules of varying Mbb and Msc. Similar features
are seen in the quantity Rg

2 as in [Z], with a regime where the
‘‘star-like’’ molecules at low Mbb do not increase rapidly with
added Mbb because the addition of branches to make a more-
armed star is the main effect of adding another backbone
monomer. To show how this occurs, we also plot the Rg

2 of

Fig. 5 Hydrodynamic radius as a function of bottlebrush molecular
weight. Filled symbols denote experimental measurements and unfilled
symbols denote simulation results. The dashed lines are fits to the
simulation data.

Fig. 6 Hydrodynamic radius as a function of bottlebrush molecular weight M (a) and backbone molecular weight Mbb (b) for different side chain
molecular weights (Msc). Solid lines are intended to guide the eye. Inset: Exponent (nh) calculated from a power-law fit of Rh vs. Mbb as a function of Msc.
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the backbone specifically in Fig. 8(a), and show that this
value is significantly smaller than the overall molecule size at
Mbb o 104 Da. However, at large values of Mbb the backbone
begins to track very closely with the overall size of the overall
Rg

2, meaning that additionalMbb is the main contributor to the
size trends of the molecule. We further note that the increase in
side-chain length can affect the backbone in this limit, with a
scaling exponent as shown in the inset of Fig. 8(a). This
exponent increases from the ideal value 2n E 1.2 to a larger
scaling value indicative of the stiffening effect of the long side-
chains. Nevertheless, this remains significantly less than the
rod-like limit 2n o 2 reflecting the wormlike structures seen in
Fig. 3. Additional plots for radius of gyration as well as for Rg/Rh

are provided as ESI.†

We can also plot similar Rg,sc
2 quantities for the side-chains

as a function of the polymer architectural features. In particu-
lar, we show in Fig. 8(b) both Rg,sc

2 and the end-to-end distance
Ree,sc

2 as a function of the side-chain lengthMsc for a number of
values of Mbb. Two scaling observations are made; first, the
value of the backbone Mbb does not have a large effect on
the conformational properties of the side-chains, which we
attribute to the long bottlebrush backbones considered, with
a given side-chain existing in an environment far from the
chain end. Second, there is a superlinear scaling of Rg

2 (both
measures) with Msc, indicating that the side-chain does not
undergo a random walk and is indeed slightly stretched due to
the steric interactions with the neighboring chains. We attribute
the deviation in the scaling exponents for Rg,sc

2 and Ree,sc
2 to the

Fig. 7 Hydrodynamic radius Rh as a function of temperature for bottlebrushes: (a) experiment and (b) simulation. The side chain molecular weight is
2237 Da for all cases. In (b), the filled squares indicate Rh in the athermal limit. Solid lines are intended to guide the eye.

Fig. 8 (a) Mean-squared radius of gyration as a function of backbone molecular weight Mbb for different side chain molecular weights (Msc). Filled
symbols represent the backbone mean-squared radius of gyration (Rg,bb

2), whereas the unfilled symbols represent that of an entire bottlebrush. Solid
lines are intended to guide the eye. Inset: Exponent (2n) calculated from a power-law fit of Rg,bb

2 vs. Mbb as a function of Msc. (b) Mean-squared radius of
gyration Rg,sc

2 and mean-squared end-to-end distance Ree,sc
2 of side chains as a function of side chain molecular weight Msc for different backbone

molecular weights (Mbb). Dashed lines are power-law fits to the high Msc range of the data.
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relatively short length of the side chains, which are unlikely to
have reached their respective asymptotic limits.

3.5 Bottlebrush shape

Dynamic quantities such as Rh and [Z] provide straightforward
ways to compare between computation and experiment, and the
structural measure of Rg can be compared via scattering methods
not pursued in this investigation. Interpretation of these accessible
quantities, however, is related to the shape of the bottlebrush.
Shape information has been investigated in part by prior works
using theory62,63 and neutron scattering,35 and has also been
implicated in explaining the low viscosity of bottlebrush
melts.116 However, full architectural information from simula-
tion provides the opportunity to directly characterize the shape
using a number of measures: (i) asphericity, which quantifies the
deviation of a shape from a sphere, and (ii) prolateness, which
quantifies the degree of oblateness or prolateness of a shape.

The asphericity D is defined as117

D ¼ 3

2

P3
i¼1

li � �l
� �2
P3
i¼1

li

� �2 : (2)

Here, li are the eigenvalues of the gyration tensor and �l denotes
their mean. This value has the bounds 0 r D r 1, such that if
the monomers of a bottlebrush are distributed isotropically
around its center-of-mass, D vanishes as the shape resembles a
sphere. A non-zero value of D indicates an anisotropic distribu-
tion of monomers. We plot the average asphericity hDi as a
function of Mbb for a number of side chain molecular weights
Msc in Fig. 9(a), and include snapshots to highlight character-
istic shapes and their corresponding values of hDi. There is also
a comparison with a linear coil (open symbols), which has a
well-established asphericity of ca. 0.42.117,118

We observe shape features consistent with the interpretations
of [Z], Rh, and Rg. At low values of Mbb, there is a decrease in
asphericity as the molecule transitions from a two-armed star
(with an asphericity typical of a short polymer chain) to a star-like
polymer (second snapshot in Fig. 9(a)). This star-like molecule
begins to elongate approximately asMbb increases beyond theMsc,
leading to a marked increase in the value of hDi. Bottlebrushes
with the same Mbb but shorter side chains have higher aspect
ratios, so hDi increases with Msc in this region. A similar trend in
hDi with Msc can be seen in prior simulation studies as well.51,119

The stiffness of this elongated shape causes it to extend beyond
the asphericity of a random coil, and then decrease to the random
coil limit at large Mbb. This latter region is consistent with the
observations that the intrinsic viscosity and Rh exhibit scaling
exponents nv and nh slightly larger than the swollen-coil values.

The prolateness S can also be used to characterize the shape:117

S ¼ 4

Q3
i¼1

li � �l
� �

2

3

P3
i¼1

li � �l
� �2� �3=2; (3)

where S has the bounds �1 r S r 1 and captures the nature of
the anisotropy by a non-zero value. Oblate shapes have S o 0 and
prolates have S 4 0. We plot the average prolateness hSi as a
function of Mbb for a number of values of Msc in Fig. 9(b), and
can directly compare to the asphericity observations in Fig. 9(a).
There is a similar trend in the overall values, with an approach
to spherical hSi- 0 at a similarMbb at the same point as in hDi
and values that approach the linear chain predictions at high
Mbb. All of the chains exhibit prolate geometries, including the
linear chain; the latter is expected from both the theoretical
and simulation literature.117,118,120

These established measures of the molecular shape provide
information that is consistent with the experimental observations,
and provide further insight by confirming their interpretation.
Furthermore, these shape measures provide a quantitative
measure to reinforce the observation of individual simulation
snapshots; namely, as a bottlebrush backbone increases in length,
it transitions from a spherical star-like conformation, to a short
cylinder, and finally to a flexible cylinder that exhibits the limiting
behavior of a semiflexible coil. This will be useful as the archi-
tecture or chemical nature of the brush becomes more compli-
cated, and molecular shapes become more complicated.

Fig. 9 Asphericity (a) and prolateness (b) of bottlebrushes as a function of
backbone molecular weightMbb for different side chain molecular weights
(Msc). Solid lines are intended to guide the eye.

Soft Matter Paper

Pu
bl

is
he

d 
on

 2
4 

Ja
nu

ar
y 

20
19

. D
ow

nl
oa

de
d 

by
 U

ni
ve

rs
ity

 o
f I

lli
no

is
 - 

U
rb

an
a 

on
 9

/1
2/

20
19

 8
:1

8:
52

 P
M

. 
View Article Online

https://doi.org/10.1039/c9sm00033j


This journal is©The Royal Society of Chemistry 2019 Soft Matter, 2019, 15, 2928--2941 | 2939

4 Conclusions

In this manuscript, we show that the combined use of precise
synthesis, intrinsic viscosity measurements, light scattering,
and parameterized computer simulations can provide insight
into the conformational properties of dilute solution bottle-
brush polymers. We use a set of model bottlebrushes to show
that intrinsic viscosity is an accessible and sensitive property
that can reflect architectural differences in e.g. backbone length
and branch length. Intrinsic viscosity also suggests how geo-
metry changes upon increasing the backbone length for a given
branch length, with changes from a star-like structure, to an
extended rod, and finally to a coil-like chain.

We parameterize the structure of the bottlebrush using
molecular arguments to obtain a coarse-grained simulation
model that exhibits near-quantitative matching to experimental
measurements of intrinsic viscosity and hydrodynamic radius.
The molecular information in these simulations provides access
to further structural quantities, in particular those describing sub-
molecular structures and molecular shape. For the former, we
focus on how the radius of gyration of the overall molecule is
related to the backbone and side-chain radii of gyration sepa-
rately. This shows two physical limits, one where the side-chains
dominate the overall structural measure, and the other in the long
backbone limit where this length sets the molecular size. Finally,
we characterize shape using asphericity and prolateness, which
we use as quantitative measures to explore the geometric con-
tributions to bottlebrush structures and the experimentally
measured values.

This model provides a platform to understand the shape and
structure of dilute solution bottlebrushes, in the context of a
wide range of variations beyond what we consider in this
manuscript. For example, grafting density and varying-width
bottlebrushes are structural variations of interest, along with
block bottlebrush chemistries. Such a model can also be
potentially adapted for studying bottlebrushes with varying
thicknesses36,48 (e.g. cone-shaped or tapered bottlebrushes) as
well as multi-block bottlebrushes (with additional parameters
accounting for differences in the interaction between the
blocks). We expect that combined simulation–experimental
model development will enable predictive in silico methods
that can address the ever-expanding parameter space asso-
ciated with this emerging class of macromolecules. Finally,
we anticipate that further coarse-graining approaches may be
capable of considering increasingly complex systems such as
non-dilute solutions in- and out-of-equilibrium, or in bottle-
brush self-assembly.
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39 M. Müllner, K. Yang, A. Kaur and E. J. New, Polym. Chem.,
2018, 9, 3461–3465.

40 D. G. Angelescu and P. Linse,Macromolecules, 2013, 47, 415–426.
41 E. Flikkema, A. Subbotin and G. ten Brinke, J. Chem. Phys.,

2000, 113, 7646–7651.
42 M. Kikuchi, T. Mihara, Y. Jinbo, Y. Izumi, K. Nagai and

S. Kawaguchi, Polym. J., 2007, 39, 330–341.
43 I. M. Storm, M. Kornreich, A. Hernandez-Garcia, I. K.

Voets, R. Beck, M. A. C. Stuart, F. A. M. Leermakers and
R. de Vries, J. Phys. Chem. B, 2015, 119, 4084–4092.

44 T. Stephan, S. Muth and M. Schmidt, Macromolecules,
2002, 35, 9857–9860.

45 I. Erukhimovich, P. E. Theodorakis, W. Paul and K. Binder,
J. Chem. Phys., 2011, 134, 054906.

46 O. V. Borisov, E. B. Zhulina and T. M. Birshtein, ACS Macro
Lett., 2012, 1, 1166–1169.

47 S. C. Radzinski, J. C. Foster, S. J. Scannelli, J. R. Weaver,
K. J. Arrington and J. B. Matson, ACS Macro Lett., 2017, 6,
1175–1179.

48 D. J. Walsh and D. Guironnet, Proc. Natl. Acad. Sci. U. S. A.,
2019, 201817745.

49 E. B. Zhulina and T. A. Vilgis, Macromolecules, 1995, 28,
1008–1015.

50 Y. Rouault and O. V. Borisov, Macromolecules, 1996, 29,
2605–2611.

51 M. Saariaho, O. Ikkala, I. Szleifer, I. Erukhimovich and
G. ten Brinke, J. Chem. Phys., 1997, 107, 3267–3276.

52 M. Saariaho, A. Subbotin, I. Szleifer, O. Ikkala and G. ten
Brinke, Macromolecules, 1999, 32, 4439–4443.

53 P. G. Khalatur, D. G. Shirvanyanz, N. Y. Starovoitova and
A. R. Khokhlov, Macromol. Theory Simul., 2000, 9, 141–155.

54 A. Yethiraj, J. Chem. Phys., 2006, 125, 204901.
55 J. Paturej and T. Kreer, Soft Matter, 2017, 13, 8534–8541.
56 M. Saariaho, O. Ikkala and G. ten Brinke, J. Chem. Phys.,

1999, 110, 1180–1187.
57 K. Shiokawa, K. Itoh and N. Nemoto, J. Chem. Phys., 1999,

111, 8165–8173.
58 S. Elli, F. Ganazzoli, E. G. Timoshenko, Y. A. Kuznetsov and

R. Connolly, J. Chem. Phys., 2004, 120, 6257–6267.
59 D. Chatterjee and T. A. Vilgis, Macromol. Theory Simul.,

2016, 25, 518–523.
60 Y. Nakamura and T. Norisuye, Polym. J., 2001, 33, 874–878.
61 L. Feuz, F. A. M. Leermakers, M. Textor and O. Borisov,

Macromolecules, 2005, 38, 8891–8901.
62 N. A. Denesyuk, Phys. Rev. E: Stat., Nonlinear, Soft Matter

Phys., 2003, 68, 031803.
63 N. A. Denesyuk, Phys. Rev. E: Stat., Nonlinear, Soft Matter

Phys., 2003, 67, 051803.
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